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 A  Geomet r ic Int er pr et at ion of  t he

 Solut ion of  t he Gener al
 Quar t ic Poly nomial

 W illiam M. Faucet t e

 Suppose we ar e given t he gener al poly nomial equat ion of  degr ee n:

 a, - z' + a,_ 1z'- l + +a1z + aO = °

 wher e each of  t he ai's is a r at ional number  and a,  is not  zer o. W e might  ask  if  t he
 solut ions of  t his equat ion can be expr essed in t er ms of  t he coef f icient s aO,  . . .,  a,
 using only  t he oper at ions of  addit ion,  subt r act ion,  mult iplicat ion,  div ision,  and
 ext r act ion of  r oot s. One of  t he pr incipal r esult s of  Galois Theor y ,  A bel's t heor em,
 st at es t hat  such f or mulas exist  f or  n < 4 and do not  exist  f or  n 2 5. The r eader
 can f ind a discussion of  A bel's t heor em in numer ous sour ces,  including [A ],  [F1],
 [H1],  and [H2].

 In t his ar t icle we will f ir st  r ecall t he explicit  r adical solut ion of  cubic poly nomi-

 als. W e will t hen pr oceed t o discuss t he solut ion of  t he gener al quar t ic poly nomial
 by  r educt ion t o an auxiliar y  cubic equat ion,  t he quar t ic's r esolvent  cubic. The
 algebr aic solut ions pr esent ed her e appear  in sect ion 4.16 of  t he t ext  [E].

 A f t er  def ining algebr aic plane cur ves and int r oducing a f ew f act s about  t hem,

 we will pr esent  an int er est ing algebr o-geomet r ic int er pr et at ion of  t he der ivat ion of
 t he r esolvent  cubic.

 I would lik e t o expr ess t hank s t o Miles Reid f or  his t ext  [R ,  pp. 22-24] which

 inspir ed t his ar t icle. I would also lik e t o t hank  Elsa Newman,  Bill R iver a,  David

 Smead,  Chr is V aughn,  and t he r ef er ee,  whose suggest ions cont r ibut ed t o t he
 r eadabilit y  of  t he f inished pr oduct .

 GA LOIS SOLUTION OF THE GENERA L CUBIC POLYNOMIA L. Let  P(z)=

 Z3 + alz2 + a2z + a3 be a cubic poly nomial wit h r at ional coef f icient s. To simplif y
 t he solut ionwe eliminat e t he quadr at ic t er mby set t ing z=x-  3a1. Then P(z)
 t ak es t he f or m P(x) =X 3 + pX  + q,  wher e p and q ar e poly nomials in t he

 coef f icient s of  P(z). Not ice t hat  solv ing P(x) r eadily  solves P(z).

 Let  x1,  x2,  and X 3 be t he r oot s of  P(x),  which we assume t o be dist inct . Not ice

 t hat  since P(x) = (x -  X 1)(X  -  X 2)(X  -  X 3) has no quadr at ic t er m, t he sum of  t he
 r oot s must  be zer o. Let  co be a pr imit ive cube r oot  of  unit y  and def ine t he
 Lagr ange r esolvent s,  (1,  x1),  (co,  x1),  and ((D2,  X 1),  by

 ( 1 ,  X 1 ) = X 1 + X 2 + X 3 = 0

 (G6),  X 1) = X 1 + Ct )X 2 + Ct ) X 3 (l)

 ( G6) 2,  X 1 ) = X 1 + G6)2X 2 + (BX 3 .
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 A lgebr aic manipulat ion shows t hat  t he Lagr ange r esolvent s can be comput ed in
 t er ms of  t he coef f icient s of  P(x) and t he squar e r oot  of  t he discr iminant  of  P(x).
 Solv ing equat ions (1) f or  x1,  x2,  and X 3 gives t he r oot s of  P(x) in t er ms of  t he
 Lagr ange r esolvent s. Subst it ut ing t he value of  t he Lagr ange r esolvent s int o t he
 solut ions of  (1) y ields t he zer oes of  P(x),  f r om which t he zer oes of  P(z) can be
 obt ained.

 GA LOIS SOLUTION OF THE GENERA L QUA RTIC POLYNOMLiL. Consider
 t he gener al quar t ic wit h r at ional coef f icient s,  given by  P(z) = Z4 + alz3 + a2Z2 +
 a3z + a4. A s wit h t he cubic,  we f ir st  simplif y  t he poly nomial by  t he subst it ut ion
 z = x -  4a1,  y ielding

 P(x) - x4 + px2 + qx + r  (2)

 wher e p,  q,  and r  ar e poly nomials in t he coef f icient s of  P(z).
 Let  X 1,  X 2,  X 3,  and X 4 be t he r oot s of  P(x). Since P(x) = (x -  x1)(x -  x2)(x -

 X 3)(X  -  X 4) has no cubic t er m, t he sum of  t he r oot s once again must  be zer o.
 Def ine a = (X 1 + X 2)(X 3 + X 4),  p = (X 1 + X 3)(X 2 + X 4),  7 = (X 1 + X 4)(X 2 + X 3).

 Let  h E 12[z] be t he poly nomial h -  (z -  a)(z -  / 3)(z -  oy ),  t he r esolvent cubic of
 P(x). A  lit t le calculat ion shows t hat  h = Z3 -  2pZ2 + (p2 -  4r )z + q2.

 By  solv ing t his cubic equat ion using t he met hod in t he pr eceding sect ion,  one
 obt ains cz,  :,  and Ry . Using

 O = (X 1 +X 2) + (X 3 +X 4) and a -  (X 1 +X 2)(X 3 +X 4)

 0 = (x1 +X 3) + (X 2 +X 4) and p = (X 1 +X 3)(X 2 +X 4)

 0 = (x1 +X 4) + (X 2 +X 3) and 7 = (X 1 +X 4)(X 2 +X 3)

 one obt ains r oot s of  P(x). The zer oes of  t he or iginal quar t ic may  t hen be easily
 obt ained. For  complet e algebr aic solut ions of  t he gener al cubic and quar t ic
 poly nomials,  see [E,  §4.16],  [W ,  §64],  and [B,  16.4.10 and 16.4.11.1].

 EV ERYTHING YOU NEED TO K NOW  A BOUT A LGEBRA IC PLA NE CURV ES.
 To give an algebr o-geomet r ic int er pr et at ion of  t he r esolvent  cubic,  we need t o
 int r oduce a f ew basic f act s about  algebr aic cur ves. For  a complet e int r oduct ion t o
 algebr aic plane cur ves,  see t he t ext  [F2].

 Let  ¢ denot e t he f ield of  complex number s and def ine t he af f ine complex plane,
 2,  t o be t he set  of  all or der ed pair s (a,  b) wher e a,  b E ¢. A  complex af f ine plane
 cur ve is t he locus of  zer oes in 2 of  a nonzer o poly nomial f  E ¢[X ,Y ]. The
 complex pr oject ive plane,  2,  iS t he set  of  all equivalence classes [a,b,c] of
 or der ed t r iples (a,  b,  c) E ¢3 \  (O,  O,  O) under  t he equivalence r elat ion (a,  b,  c)
 (a',  b',  c') if  (a,  b,c) = (A a',  A b',  A c') f or  some nonzer o complex number  A .
 Not ice t hat  if  c + 0,  we may  div ide t he t hr ee coor dinat es by  c and obt ain
 coor dinat es [a,  b,  1]. A  complex pr oject ive plane cur ve is t he locus of  zer oes in 2
 of  a nonzer o homogeneous poly nomial F E ¢[X ,Y ,  Z]. The degr ee of  a plane
 cur ve is t he degr ee of  it s def ining poly nomial. Cur ves of  degr ees one,  t wo,  t hr ee,
 and f our  ar e called lines,  conics,  cubics,  and quar t ics,  r espect ively .

 The af f ine plane is cont ained in t he pr oject ive plane by  t he inclusion 2 2 given by  (x,  y ) [x,  y ,  1],  wit h t he r emainder  of  t he pr oject ive plane f or ming t he

 line at  inf init y ,  Loo = {[x,y ,0] E iD2}. If  f (X ,Y ) is an element  of  C[X ,Y ] of
 degr ee d,  we can homogenize f  by  set t ing F(X ,  Y ,  Z) = Zdf (X / Z,  Y / Z). F is
 t hen a homogeneous poly nomial of  degr ee d. If  f  def ines an af f ine plane cur ve C,
 t he pr oject ive plane cur ve def ined by  F is t he pr oject ive closur e of  C.
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 A  gener al conic in 2 iS given as t he set  of  zer oes of  an equat ion

 F(X  Y  Z) = aX 2 + bX Y+ Cy 2 + d.X Z + eYZ +}Z2,  (3)

 wher e at  least  one of  t hese coef f icient s is nonzer o,  and t his equat ion is unique up
 t o mult iplicat ion by  a nonzer o const ant . A  conic wit h equat ion (3) is r educible if
 and only  if  t he equat ions

 FX (X ,  Y ,  Z) = Fy (X ,  Y ,  Z) = Fz(X ,  Y ,  Z) = O

 have a common solut ion in 2,  wher e we use t he subscr ipt s t o denot e par t ial
 der ivat ives. If  we let  A  be t he mat r ix associat ed wit h (3),  t hen

 a b/ 2 d/ 2

 A = b/ 2 c e/ 2,

 d/ 2 e/ 2 f

 and we can r ewr it e equat ion (3) as

 X

 [X  Y  Z]A  Y  = 0.
 Z

 The condit ion t hat  t he conic be r educible is equivalent  t o t he condit ion t hat  t his
 associat ed mat r ix A  is singular .

 The set  of  all conics in 2 f or ms a f ive-dimensional pr oject ive space P5 in t he
 f ollowing way . A  gener al conic in 2 iS given by  an equat ion of  t he f or m (3),  wher e
 at  least  one of  t hese coef f icient s is nonzer o,  and t his equat ion is unique up t o
 mult iplicat ion by  a nonzer o const ant . So,  we may  ident if y  t his conic wit h t he point
 [a,  b,  c,  d,  e,  f  ] E P5. Fr om t his per spect ive,  t he conics in 2 passing t hr ough a
 given point  P in 2 f or m a codimension one linear  subspace in P5. That  is,  if
 P = [u,v ,w],  t hen any  conic t hr ough P must  sat isf y  F(u,  v ,w) = au2 + buv +
 CV 2 + duw + esw + 7i2 = O,  and t his is a linear  equat ion in a,  b,  c,  d,  e,  f . Simi-
 lar ly  t he condit ion f or  a conic t o cont ain point s P1,  P2,  p3,  p4 E 2 iS given by  a
 sy st em of  f our  linear  equat ions in a,  b,  c,  d,  e,  f . Fr om element ar y  linear  algebr a,
 t he f amily  of  conics cont aining all f our  point s will be a one-dimensional linear
 subspace of  IP'5 exact ly  when t hese f our  condit ions ar e linear ly  independent . W e
 t hen have t he f ollowing pr oposit ion:

 Pr oposit ion. The f amily  of  conics cont aining t he dist inct  point s P1,  P2,  P3,  and P4 is
 ( pr oject ive) one-dimensional if  and only  if  P1,  P2,  P3,  and P4 ar e noncollinear .

 Pr oof : Suppose t h'e point s ar e noncollinear . W it hout  loss of  gener alit y ,  we may
 assume t hat  P1,  P2,  and P3 ar e noncollinear . It  is suf f icient  t o show t her e exist s a
 conic cont aining P1,  . . .,  Pt  and not  cont aining Pt +1,  . . .,  P4 f or  t  = 1,  2,  3.

 To pr oduce a conic t hr ough P1 and not  t hr ough P2,  P3,  and P4,  choose t wo
 lines t hr ough P1 and not  cont aining P2,  P3,  or  P4. The union of  t hese t wo lines is a
 r educible conic cont aining P1 and not  cont aining P2,  P3,  or  P4.

 Let  I be any  line t hr ough P1 not  cont aining P3 or  P4. Let  I' be any  line t hr ough
 P2 not  cont aining P3 or  P4. The union of  I and 1' is a r educible conic cont aining
 P1 and P2,  but  not  cont aining P3 and P4.

 W e div ide t he last  par t  of  t he pr oof  int o t wo cases depending on t he r elat ive
 posit ions of  P1,  P2,  and P4. Fir st ,  suppose P1,  P2,  and P4 ar e noncollinear . Choose
 any  line 1' t hr ough P3 not  cont aining P4. The union of  1' and t he line t hr ough P1
 and P2 is t hen a r educible conic cont aining P1,  P2,  and P3 and not  P4. On t he
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 ot her  hand,  suppose P1,  P2,  and P4 ar e collinear . Let  I be t he line t hr ough P1 and
 P3 and let  1' be t he line t hr ough P2 and P3. Then t he union of  I and 1' is a
 r educible conic cont aining P1,  P2,  and P3,  and not  P4. This shows t he f amily  of
 conics cont aining P1,  P2,  P3,  and P4 has dimension one. In t his cont ext ,  a linear
 subspace of  dimension one is called a pencil,  so t his f amily  is a pencil of  conics.

 Conver sely ,  if  P1,  P2,  P3,  and P4 ar e collinear ,  let  I be t he line cont aining t hese
 f our  point s. Let  I' be any  line in 2. Then t he union of  I and 1' is a r educible conic
 cont aining all f our  point s. Since I' is an ar bit r ar y  line in 2,  t his f amily  has
 dimension t wo. z
 Now we wish t o invest igat e br ief ly  t he number  of  point s of  int er sect ion of  t wo

 pr oject ive plane cur ves of  var ious degr ees. Fir st ,  if  we int er sect  a pr oject ive line
 wit h a conic,  we alway s get  t wo point s if  t he point s ar e count ed pr oper ly . To see
 t his,  we can par amet r ize any  line in t he pr oject ive plane by

 X = als + blt

 Y= a2s + b2t  (4)
 Z = a3s + b3t ,

 wher e s and t  cannot  bot h be zer o. Subst it ut ing t hese equat ions int o t he equat ion
 of  a gener al conic gives a homogeneous quadr at ic poly nomial in s and t . Set t ing
 t his poly nomial equal t o zer o and solv ing y ields t wo point s [s,  t ] in t he pr oject ive
 line lP'l. Subst it ut ing back  int o equat ions (4) y ields t he t wo point s wher e t he line
 meet s t he conic.

 If  we similar ly  invest igat e t he int er sect ion of  t wo conics in t he pr oject ive plane,
 we f ind t hat  t wo conics alway s meet  in f our  point s if  t he point s ar e count ed
 pr oper ly . If  one of  t he conics is r educible,  t his r esult  f ollows f r om t he pr ev ious
 par agr aph,  so we may  assume t he conics ar e nonsingular . Choose coor dinat es in
 t he pr oject ive plane so t hat  one conic has pr oject ive equat ion X Z = y 2. W e t hen
 par amet r ize t his conic by  t he equat ions

 X = S2

 Y=st  (5)

 z = t 2S

 wher e once again s and t  cannot  bot h be zer o. Subst it ut ing t hese equat ions int o
 t he equat ion of  a gener al conic gives a homogeneous quar t ic poly nomial in s and t .
 Set t ing t his poly nomial equal t o zer o and solv ing y ields f our  point s [s,  t ] in t he
 pr oject ive line '1. Subst it ut ing back  int o equat ions (5) y ields t he f our  point s wher e
 t he t wo conics meet .

 These t wo element ar y  comput at ions ar e special cases of  a mor e gener al r esult
 k nown as Bezout 's Theor e,m,  which say s t hat  pr oject ive algebr aic cur ves of  degr ees
 m and n hav ing no common component  alway s meet  in mn point s if  t he point s ar e
 count ed pr oper ly . For  our  pur poses,  t he t wo cases out lined above suf f ice.

 A  GEOMETRIC SOLUTION TO THE GENERA L QUA RTIC. Let 's go back  t o t he
 r educed quar t ic poly nomial given in equat ion (2):

 X  +pX  +qx + r = 0,

 wher e p,  q r  E Q. Consider ing t hese poly nomials as hav ing complex coef f icient s
 and set t ing y  = x2,  we see t hat  t he solut ions t o equat ion (2) ar e t he x-coor dinat es
 of  t he point s of  int er sect ion of  t he conics wit h af f ine equat ions

 y 2 + py  + qX  + r  = 0

 , ),  _  X 2 = O
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 in t he af f ine plane 2̂. If  we t ak e t he pr oject ive closur e of  t hese cuwes in 2,  we
 get  t he pr oject ive cur ves C1 and C2 def ined by  poly nomials

 F1(x,  y ,  z) = y 2 + py z + q)r U + r z2

 F2(x,  y ,  z) = y z-x2,

 r espect ively . Using Bezout 's Theor em, t he cur ves C1 and C2 meet  in t he f our
 point s P1,  P2,  P3,  P4,  all of  which lie in t he f init e plane and have af f ine coor dinat es
 Pi = (X a,  X i2).

 To see t hat  t he condit ions imposed by  P1,  P2,  P3,  P4 ar e independent ,  we need
 only  show t hat  t hese point s ar e noncollinear  in 2. However ,  t he f our  dist inct
 point s P1,  P2,  P3,  P4 all lie on t he ir r educible conic y  = x2 in t he af f ine plane,  so
 t hey  ar e not  collinear ,  again by  Bezout 's t heor em. It  f ollows f r om t he pr oposit ion
 t hat  t he set  of  conics in 2 cont aining P1,  P2,  P3,  P4 f or ms a (pr oject ive) one-
 dimensional linear  subspace [I of  P5,  so t he conics C1 and C2 span II. That  is,  any
 cur ve C in [I has equat ion A F1 + ,uF2 = O,  wher e eit her  A  or  ,u is not  zer o.

 W e now wish t o f ind t hose conics C in t he linear  f amily  [I t hat  ar e r educible.

 Figur e 1. A  Pencil of  Conics Showing a Reducible Conic

 The mat r ices A i of  conics Ci ar e given by

 _

 O O q/ 2 -  1

 A 1= °  1 p/ 2 A 2= °

 q/ 2 p/ 2 r  0

 o

 1/ 2 S

 o

 o

 o

 1/ 2

 so t he mat r ix of  t he poly nomial F= A F1 + ,uF2 of  any  conic C in 11 is given by
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 t he mat r ix
 -  -

 _ H O ,qA

 0 A  2pA  + 2,  f f i

 2qA  2pA  + 2,u r A

 and C is r educible pr ecisely  when t his mat r ix is singular . The det er minant  of  t his
 * .

 mat r Lx 1S

 1 [ 13 _  q2A 3 + ( p2 _  4r )A 2,  + 2pA ,u2] . (6)

 A s t he r eader  can see,  t his equat ion is homogeneous in A  and ,  of  degr ee t hr ee,
 so t he r oot s [A , , ] of  t his equat ion cor r espond t o t hr ee r educible conics in t he
 f amily  II. Let  Lij be t he line t hr ough Pi and Pj. Then Lij has af f ine equat ion
 Y= (xz +X j)X -  xlxj. One of  t he t hr ee r educible conics in t he f amily  II is
 L12 + L34,  which sat isf ies t he poly nomial

 [Y - (X 1 + X 2)X  + X 1x2] [Y - (X 3 + x4)X  + X 3X 4]

 = y 2 + (X lx2 + x3x4)Y  + (X 1 + X 2)(X 3 + x4)X  + qX  + r

 = F1- (X 1 + 2)(X 3 + X 4)I;2,

 not ing t hat ,  by  assumpt ion,  t he coef f icient  of  t he X Y  t er m is -  (X 1 + X 2 + X 3 + X 4)
 = 0. HenceS one of  t he r oot s of  poly nomial (6) is [1, - (X 1 X 2)(x3 +X 4)] =
 [1, - ct l. Similar ly ,  t he r emaining t wo r oot s of  poly nomial (6) ar e [1, - ,8] and
 [1,  -  y ],  so t hat  t he solut ions of  t he r esolvent  cubic cor r espond geomet r ically  t o
 f inding t he t hr ee r educible conics in t he space of  conics spanned by  C1 and C2.

 Since t he r educible conics in 11 ar e

 Q1 = L12 + L34

 Q2 = L13 + LSA

 Q3=L14 +L23,

 it  is easy  t o see t hat  t he int er sect ion of  any  t wo of  t hese conics pr oduces t he
 desir ed point s P1,  P2,  P3,  P4*

 Thus,  if  we int er pr et  t he r oot s of  t he gener al quar t ic as t he f ir st  coor dinat es of
 point s P1,  P2,  P3,  P4 in t he int er sect ion of  t wo conics in 92,  we see t hat  t he
 r esolvent  cubic obt ained f r om Galois Theor y  is,  up t o a nont er o const ant  mult iple,
 just  t he det er minant  of  t hp 3 x 3 mat r is def ining any  conic in t he f amily  of  conics
 cont aining t he f our  point s P1,  P2 P3,  P4. Solv ing t he r esolvent  cubic cor r esponds
 geomet r ically  t o f inding t he r educible conics in t his f amily . It  is t hen a st r aight f or -
 war d mat t er  t o solve t he quar t ic equat ion geomet r ically .

 REFERENCES

 [A ] E. A r t in,  Galois Theot y ,  Univer sit y  of  Not r e Dame Pr ess,  Not r e Dame,  1944.
 [B] M. Ber ger  Geomet r y ,  Spr inger -V er lag,  New Yor k ,  1987.
 [E] G. Ehr lich,  Fundament al Concept s of  A bst r act  A lgebr a,  PW S-K ent  Publishing Company ,  Bost on,

 1991.

 [F1] J . B. Fr aleigh,  A  Fir st  Cour se inA bst r act A lgebr a,  A ddison-W esley  Publishing Company ,  Reading,
 Massachuset t s,  1982.

 [F2] W . Fult on,  A lgebr aic Cur ves,  Benjamin/ Cummings Publishing Company ,  Readings Mas-
 sachuset t s,  1981.

 56  A  GEOMETRIC INTERPRETA TION OF THE QUA RTIC POLYNOMIA L [J anuar y



 [H1] I. N. Her st ein,  Topics in A lgebr a,  J ohn W iley  & Sons,  New Yor k ,  1975.

 [H2] T . W . Hunger f or d,  A lgebr a,  Spr inger -V er lag,  New Yor k ,  1974.

 [R ] M. Reid,  A lgebr aic Geomet r y ,  Oxf or d Pr ess,  Oxf or d,  1970.

 [W ] B. L. van der  W ar den,  A lgebr a,  Fr eder ick  Ungar  Publishing Co.,  New Yor k ,  1970.

 Depar t ment  of  Mat hemat ics
 W est  Geor gia College
 Car r ollt on,  GA  30118
 mf aucet t @west ga.edu

 To lear n Calculus wit hout  under st anding what
 led t o it s development  and how it  was used by
 Newt on and ot her sS is lik e lear ning t o play
 scales on t he piano wit hout  being shown any

 .,  .

 composlt lons.

 -  F. J . Swer t z

 The incor por at ion of  hist or y  in t he t eaching of
 mat hemat ics is essent ial if  t he ideas of  it s
 pur pose,  it s st r uct ur e it s wonder 7 it s cr eat ive-
 ness ar e t o be ar oused in t he child.

 - F. J  Swer t z

 Hist or y  is commonly  t aught  in schools t o init i-
 at e t he y oung int o a communit y - t o give t hem
 an awar eness of  t r adit ion,  a f eeling of  belong-
 ing,  and a sense of  par t icipat ion in an ongoing
 pr ocess or  inst it ut ion. Similar  goals can be
 advocat ed f or  t he t eaching of  t he hist or y  of
 mat hemat ics

 F. J . Swer t z
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